We develop here several goodness-of-fit tests for testing the k-monotonicity of a discrete density, based on the empirical distribution of the observations. Our tests are non-parametric, easy to implement and are proved to be asymptotically of the desired level and consistent. We propose an estimator of the degree of k-monotonicity of the distribution based on the non-parametric goodness-of-fit tests. We apply our work to the estimation of the total number of classes in a population. A large simulation study allows to assess the performances of our procedures.
Introduction
The estimation of the distribution of categorical variables is an important issues in statistical research. For modeling count data parametric models or nonparametric extensions such as mixtures of Poisson distributions are very popular. An alternative to these nonparametric modelings is to consider a shape constraint on the underlying probability mass function. Such approach may be well adapted in some situations because it combines the straightforwardness of parametric models (no choice of parameter is left to the user) and the great flexibility of nonparametric estimation. Moreover shape constraint arises naturally in many frameworks such as insurance [24] , reliability studies [29] , epidemiology [3] or ecology [14, 15] .
Several authors have considered the problem of estimating a discrete density under shape constraints. Balabdaoui et al. [5] considered the maximum-likelihood estimator under constraint of log-concavity and Balabdaoui and Jankowski [3] under constraint of unimodality. Jankowski and Wellner [23] studied the asymptotic properties of several estimators of the density under assumption of monotonicity. Durot et al. [13] proposed a least-squares estimator under convexity constraint while Giguelay [18] considered kmonotonicity constraint. The case k = 1 corresponds to monotonicity, the case k = 2 to convexity, and the more k increases, the more the density is hollow.
The constraint of k-monotonicity is especially suitable when one aims to estimate the unknown number of classes or categories in a population. One of the main approaches to deal with that problem consists in estimating the distribution of the observed abundances for a series of classes, from which the estimation of the total number of classes is deduced. See Bunge and Fitzpatrick [10] for a review of the different approaches to deal with that problem. Durot et al. [14, 15] proposed an estimator of the total number of classes based on an estimator of the abundance distribution under the constraint of convexity. Giguelay [19] generalises their work to k-monotonicity. Chee and Wang [12] proposed to model the abundance distribution of species with a mixture of discrete beta distributions, such a mixture being k-monotone. These authors underlined that their model is particularly suitable when a population is dominated by a large number of rare species.
In order to validate the chosen model before estimating the number of classes, we propose a goodnessof-fit test for testing k-monotonicity. To the best of our knowledge, very few works are available for testing a shape constraint on a discrete density: Akakpo et al. [1] proposed a procedure for testing monotonicity (k = 1), while Durot et al. [15] and Balabdaoui et al. [7] considered the problem of testing convexity (k = 2). The testing procedures they proposed rely on the asymptotic distribution of some distance between the empirical distribution and the estimation of the density under the shape constraint. This approach presents several difficulties. It needs the calculation of the asymptotic distribution of the test statistic under the null hypothesis which proves to be a difficult problem even for k = 2 both from a theoretical and a computational point of view.
We develop here several goodness-of-fit tests for k-monotonicity of a discrete density, based on the empirical distribution of the observations. Our tests are non-parametric in the sense that there is no parametric assumption on the underlying true distribution of the observations. The procedures are easy to implement and are proved to be asymptotically of the desired level and consistent. We carry out a large simulation study in order to assess the performances of our procedures for finite sample size. From this study, it appears that the asymptotic specifications are achieved when the number of observations is very large. In order to evaluate the intrinsic difficulty of these non-parametric procedures, we compare the efficiency of our procedures to the one of parametric procedures constructed under the assumption of Poisson densities. This work is presented in Section 2.
Next, in Section 3, we propose an estimator of the degree of k-monotonicity of the distribution based on the non-parametric goodness-of-fit tests. We show that, if the true underlying distribution is kmonotone, then the probability for our estimator k to be less than k − 1 is smaller than the chosen level of the testing procedure. On the other way, if the true underlying distribution is k-monotone but not k + 1-monotone, the probability for k to be greater than k + 1 tends to zero.
Finally, in Section 5, we apply our work to the estimation of the total number of classes in a population , denoted N , under the assumption that the abundances of the N classes are i.i.d. with common distribution p = (p 0 , p 1 , . . .) where for any integer j 0, p j is the probability to observed a class j times. Generalizing the work of Durot et al. [14] we define a "k-monotone abundance distribution" in order to make the total number of classes identifiable. For each k, we are able to calculate an estimator of N . At the same time, using the previous testing procedures, we estimate k, which leads to a final estimator of N . This procedure is illustrated in Section 6 on three examples given in the litterature.
A small conclusion is given in Section 7 and all the proofs are postponed to Section 8.
Testing the k-monotonicity of a discrete distribution
We present k-monotonicity testing procedures for any discrete distribution p defined on a finite support included in {0, . . . , τ } for some unknown integer τ . Our results may be generalised to the case τ = ∞ Let us give the definition of k-monotonicity of a discrete distribution. Definition 1. Let k 1 and for all j ∈ N, let ∆ k p j be the k th differential operator of p defined as follows:
A discrete distribution p on N is k-monotone if and only if
It is easy to see that
It can be shown, see [18] , that if p is k-monotone, then p is strictly l-monotone for all 1 l k − 1. Moreover p can be decomposed into a mixture of polynomial distributions of order k [25] . More precisely, for all integer j ∈ N
where
and where Q k is the k-monotone distribution defined as
where I denotes the indicator function.
The support of the distribution π is the set of integers j such that ∇ k p j is strictly positive. Such integers are called the k-knots of p.
Let X 1 , . . . , X d be a d-sample with distribution p and f the relative frequencies: for all j 0
We propose to test the null hypothesis that p is k-monotone considering the fact that if ∇ k p j is negative for some j 0, then p is not k-monotone. Therefore we propose to reject the k-monotonicity of p if one of the estimators ∇ k f j of ∇ k p j is negative enough.
Testing procedures and theoretical properties
Let us begin with two testing procedures. The first one, denoted P1, rejects the null hypothesis if the minimum of the ∇ k f j 's is smaller than some negative threshold, while the second one, denoted P2, rejects the null hypothesis if one of the hypothesis "∇ k p j 0" is rejected. Procedure P2 is a standardized version of Procedure P1.
Let us introduce the following notations:
• Γ is the matrix with components Γ jj = −p j p j if j = j and Γ jj = p j (1 − p j ) for 0 j, j τ , and Γ 1/2 its square-root such that Γ 1/2 Γ 1/2 = Γ.
• A k is the matrix whose lines
• M k is the square-root of the matrix
variates, and Z is the random vector with components Z j , j = 0, . . . τ − 1.
• For 0 < α < 0.5,
where ν u is the u-quantile of a N (0, 1) variable.
• τ the maximum of the support of the empirical distribution,
α are defined as above with f instead of p and τ instead of τ .
Testing procedures.
P1
The rejection region for testing that p is k-monotone is defined as
Let us note that the threshold q k α defined above, is the α-quantile of the conditional distribution given X 1 , . . . , X d of
It is calculated by simulation.
P2
The second procedure will reject the null hypothesis if the minimum of ∇ k f j minus some threshold depending on j is negative. Precisely the rejection region for testing that p is k-monotone is defined as
The quantity u k α is calculated by simulation.
We also propose a bootstrap procedure for calculating either the quantiles q k α or the ν u for u in a grid of values. These procedures called P1boot and P2boot are described in Section 2. 4 The two following theorems give the asymptotic properties of the testing procedures. Their proof are given in Section 8.
Theorem 1. Level of the test.
Let p be a k-monotone distribution with finite support. The testing procedures have asymtotic level α:
If p is a strictly k-monotone distribution with finite support, then we have the following result
If the distribution p satisfies the following property
P2 Let ζ k j = A kT j ΓA k j , and ζ k = max j ζ k j , and let β > 0. If the distribution p satisfies the following property
In particular, if the distribution p is strictly k-monotone and satisfies the above condition for β that tends to 0, for example β = 1/ √ d, then the level of the test tends to 0.
Theorem 2. Power of the test.
Let p be a k-monotone distribution, but not a (k + 1)-monotone distribution and β > 0.
If p satisfies the following condition:
then we have the following result:
0, then we have the following result:
In order to evaluate the performances of the two testing procedures for finite sample size, we carry out a simulation study. In Section 2.2 we consider Poisson distributions with parameters chosen to ensure k-monotonicity, and in Section 2.3 we consider mixtures of Splines distributions.
Simulation for Poisson distributions 2.2.1. Poisson distribution and k-monotonicity
We carry out a simulation study, considering empirical distributions simulated according to Poisson distributions with parameters λ h chosen as follows: for all λ λ h then p ∼ P(λ) is at least h-monotone, and for all λ ∈ λ h , λ h−1 , then p ∼ P(λ) is (h − 1)-monotone but not h-monotone. For h ∈ {1, . . . , 10} the values of λ h , calculated numerically, are given at Table 1 . Note that by choosing these values of λ for our simulation study, we are in the best scenario to reject H k when k = h + 1, since the Poisson distribution with parameter λ h is the most distant from the set of k-monotone Poisson distributions. Table 1 : For h 0, values of λ h used in the simulation study: the data are generated according to the distributions P(λ h ).
When λ > 1, the Poisson distribution P(λ) is unimodal. In the simulation study, we choose λ 0 = 2, to represent non monotone distributions. For h 1, the values of λ h and the differences λ h − λ h+1 decrease with h, see Figure 1 . Some numerical calculations show that λ h decreases approximatively as 1.13/h 0.9 , λ h+1 /λ h decreases as 1−0.84/(h+1), while √ λ h − √ λ h+1 decreases as 0.64/(h+1) 1.52 (this last result will be usefull later on). This suggests that testing H h+1 when p ∼ P(λ h ) will be difficult for large h.
Simulation study
Procedure P1. For each value of h, we estimate the rejection probabilities of hypotheses H k , for k ∈ {1, . . . , 9} on the basis of 500 runs. The results for procedure P1 are given in Table 2 .
It appears that the level of the test based on procedure P1 is close to α when k = h and equals 0 as soon as k is smaller than h + 1. This result confirms Theorem 1 that states that the level of the test of the hypothesis H k tends to 0 if the distribution is strictly k-monotone.
As expected, the power of the test of the hypothesis H k+1 when h = k decreases with k. Moreover, for a fixed value of h, and for k h + 1, the power of the test of the hypothesis H k first increases with k, then decreases with k. In fact, the decreasing of the power for large values of k may be explained as follows: when k increases, the variances of the components of T k increase, and the 5%-quantiles of the variate U k given at Equation (6) becomes strongly negative, see Table 3 .
This simulation leads to the following remarks:
Remark 1. It confirms that the procedure P1 for testing H k , when the true distribution is (k − 1)-monotone, lacks of power when k is large. For example if the true distribution is 4-monotone, the hypothesis H 5 will not be rejected with probability greater than 0.76 (respectively 0.23) if d = 1000 (respectively d = 5000).
Remark 2. It shows that the power of the test of hypothesis H k when the true distribution is hmonotone, can be small when k − h is large. For example if the true distribution is convex (h = 2), the hypothesis H 7 will not be rejected with probability greater than 0.72 if d = 1000. Nevertheless, let us note that the power for testing H 3 is large (it equals 0.76 for d = 1000).
Finally, let us note that testing the hypothesis H k+j for j 1, when we rejected H k is without interest, because we know that a (k + j)-monotone distribution is necessarily k-monotone. Therefore a natural idea is to modify the procedure in order to test the hypothesis H k if H k−1 is not rejected. In other words, if H k−1 is rejected, we decide that H is rejected for all k. The probabilities of not rejecting the hypotheses H k are estimated on the basis of 500 runs and reported in Table 4 .
Comparison with procedures P2 . The results using procedures P2 are slightly worse or equivalent to those of procedure P1, see Table 5 . This is easily understandable in the case of Poisson distribution the rejection of the null hypothesis lies essentially on ∇ k p h 0 , whatever the procedure.
Comparison with parametric testing procedures
Our simulation study showed that the testing procedure lacks of power both when k and h increase. We would like to understand if this difficulty is inherent to the testing problem, or comes from a bad choice of the testing procedure. For the sake of simplicity we focus on the power when testing H k with k = h+1.
To answer our question, we will consider a parametric framework where the distribution is known to be a Poisson distribution. It is then possible to propose a parametric testing procedure for testing Table 1 . In bold character, the probablities of rejecting H k with k = h + 1, for h 0. In italic character, the probablities of rejecting greater than 0.5. 
of its standard error A kT 0 ΓA k 0 and of q k α for α = 5%.
the k-monotonicity, where the null hypothesis is a simple hypothesis. This parametric framework will constitute a kind of benchmark for the performances of the test.
We propose the following parametric testing procedure: for h 1, we test the null hypothesis that p is at least (h + 1)-monotone against the alternative that p is h-monotone but not (h + 1)-monotone. In other words, we test
For this testing procedures, as well as for procedure P1 (see Theorem 2), the rate of testing is the parametric rate 1/ √ d. Nevertheless the power depends also strongly on k. Instead of studying the decreasing of the power versus k, that depends also on d, we compare the efficiencies of the procedures by calculating the minimal number of observations such that the power of the test is greater that some fixed value, and study how this number increases with k. Let us describe how these quantities are calculated according to the testing procedure.
We denote p = p h the density of a Poisson distribution with parameter λ h . Efficiency for the procedure P1. Let q h+1 α be defined at Equation (5) calculated for p = p h+1 and τ chosen large enough to get
For a sample size d, let π h α,d be defined as follows:
Following the proof of Theorem 2, it is easy to show that when d is large enough, π h α,d approximates the power of the test of the hypothesis H k in λ = λ h , with k = h + 1: Let β > 0, for each h, we determine the value of d for which the power of the test is greater than
The values of π Efficiency for the parametric procedure. The parametric testing procedure is based onX, the mean of the observations. If p = p h+1 , dX is distributed as a Poisson variable with parameter dλ h+1 . In what follows, this distribution will be approximated by a Gaussian distribution with mean and variance equal to dλ h+1 .
The null hypothesis will be rejected for large values ofX. More precisely, under the Gaussian approximation, we get the following results:
Comparison of the two procedures. Taking β = α, we compare d 3 , see Figure 2 . This corresponds to the order of magnitude given by Equation (7) . Indeed when α = β
which varies as (h + 1) 3 as it was shown in Figure 2 . For procedure P1, the increase of d h P1 is faster and of order (h + 1) 4 . This may be the price to pay when we do not know the underlying distribution.
One of the main conclusions of this study is that the use of procedure P1 needs huge values of d when h is large. For example, when h = 6, around 30000 observations are needed to get a power equals to 95%. This result should be taken into account when one applies the method to real data sets.
If one restricts the test to values of h smaller than 6, then Figure 2 shows that the growths of d h P1
and d h P are of the same order, (h + 1) 3.12 .
Other non-parametric procedures. This section highlights the difficulty of testing k-monotonicity in a nonparametric setting when k increases. Indeed, our conclusions are limited to the comparison with parametric testing under Poisson distributions. Morerover, other non parametric procedures could be used. For example, we could consider the least-squares estimator of p under the constraint of k-monotonicity [18] and reject H k if the distance between this estimator and the empirical distribution is large, similarly to the tests proposed by [1] for the discrete monotonicity constraint and [7] for the discrete convex constraint.
Let us compare our method to the one proposed by [7] , on the basis of their simulation study. They considered four distributions
where δ j is the Dirac distribution in j. For each of these distributions they estimated the rejection probabilities on the basis of 500 runs. Their testing procedure depends on the choice of a tuning parameter and we report in Table 6 the results for the best choice of this tuning parameter (see Table 1 in [7] ), as well as the results we get for testing k = 2 with our Procedure P1.
It appears that Procedure P1 is less powerfull than the procedure based of the asymptotic distribution of the distance between f and its projection on the space of convex densities. This suggests that a generalization of such a procedure for testing the k-monotonicity could outperform our procedure based only on the empirical distribution. Nevertheless this is a rather difficult problem linked to the asymptotic distribution of the constraint least-squares estimator under shape constraint. The first difficulty concerns the characterization of the limit distribution. In fact, on the one hand the limit distributions is not gaussian -it is characterized by functions of brownian processes or envelope-type processes-and on the other hand the estimators are not explicit in general (see [20] , Preface). For example, [4] showed that the limit distribution of the leastsquares estimator of a k-monotone continuous distribution is a function of the primitives of a two-sided brownian bridge. The second difficulty concerns the computation of an approximation of the limit distribution under the null hypothesis that p is k-monotone. In particular inconsistency of the k-knots (the integers j such that ∇ k p j are strictly positive) may arise in the discrete case. Moreover [2] pointed out that working with sums instead of Lebesgue measure makes it more difficult to compute the limit distribution. Several authors still managed to compute an approximation of the limit distribution, [27] in the monotone case, [6] in the convex case and [5] in the log-concave case for example. In the convex case, the authors proposed a thresholding parameter to overcome inconsistency at the knots. It is likely that the same kind of difficulty should arise concerning the limit distribution of the least-squares estimator under discrete k-monotonicity.
Simulation for Spline distributions
As explained in Section 4.2, any h-monotone discrete distribution p can be decomposed into a mixture of Spline distributions, see Equations (2) to (4).
We first consider Spline distributions of degree h ∈ {1, . . . , 6, 10, 20}, with one knot in τ , for τ = 15, say Q represented at Figure 3 .
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The standard-error of its empirical estimator, ∇ h+1 f τ −1 , may be approximated by
Let us consider the test of the single hypothesis "∇ h+1 p τ −1 0": using the Gaussian approximation, the null hypothesis will be rejected if
in order to reject "∇ h+1 p τ −1 0". Clearly d increases with h, and τ (see Table 7 ).
In practical situations, the distribution p is unknown, and the test of H h+1 lies on a multiple testing procedure, making even more difficult to reject H h+1 .
Spline distributions with 2 knots.
The results for distributions of the form πQ h + (1 − π)Q h τ are given in Tables 8 to 10 . We report the estimated probabilities of rejection for the test of the hypothesis H k for k = h in order to estimate the level of the test, and k = h + 1 to estimate the power.
The level of the tests are nearly equal to 5%. The power decreases with h for all models and procedures and is greater for a mixture of spline distributions such that the first knot is close to 0, and such that the mass in the first knot is large. Nevertheless, procedure P1 gives the best results for the first and third models where the first knot appears in j = 1, while procedure P2 performs better for the second model. When h equals 1 or 2, the power of the test is close to one for the first and third models for d = 1000. For the second model, d = 5000 is needed to get such a power. When h increases, for example h = 5, the difficulty for testing H h+1 for the second model is confirmed: for d = 30000, the power remains smaller than 10%.
Comparison with the bootstrap procedure
Let us describe the bootstrap procedure for estimating the quantities q where P X denotes the conditional distribution given (X 1 , . . . , X d ).
For estimating u k α we use a double bootstrap. For a given u and for 0 j τ − 1, let ν * j,u be defined as follows:
Next let (X * * 1 , . . . , X * * d ) be a d-sample distributed according to the empirical distribution of (X 1 , . . . , X d ), independant of (X * 1 , . . . , X * d ), and let f * * j , j = 1, . . . , τ * * be the empirical frequencies. The bootstrap estimator of u α is defined as follows:
The results (not shown) are equivalent to those of procedures P1 and P2.
Although the validity of the boostrap procedure, like our procedures P1 and P2, lies on asymptotic arguments, we could have expected a different behaviour of the bootstrap procedure, because bootstrap does not use the approximation of the empirical distribution by the Gaussian distribution for practical calculation. This is clearly not the case, may be because our simulation study consider values of the sample size d large enough to guarantee that the distribution of the empirical frequencies is closed to the Gaussian approximation.
3. Estimating the degree of monotonicity of p
Estimator and asymptotic properties
We propose a procedure for estimating k, the degree of monotonicity of p, based on the testing procedures described in the previous section.
For some α and k max , we define k α as follows
• if there exists 1 k max such that H is rejected, then • if not,
We show that k α is asymptotically close to k.
Theorem 3. Let p be a k-monotone distribution and let k α be defined as above. For all 1, let σ and ζ be defined as in Theorem 1. According to the testing procedure for calculating k, let us assume that the following property is statisfied:
then lim
If k k max − 1 and if p satisfies the following property:
This theorem, shown in Section 8, claims that if p is k-monotone, then the probability that k α k − 1 is asymptotically smaller than α. Moreover if p is far enough from (k + 1)-monotone densities, then the probability that k α k + 1 tends to zero. 
Simulation study
The properties of k for k max = 6 are assessed on the basis of the simulation study presented before. The results are given at Tables 11 to 13. They are reported for models whose degree of monotonicity is smaller than 5, when using the procedure that proved to maximise the power in the simulation study presented in the previous Section.
Let h be the true degree of monotonicity of the distribution p. From these results, we deduce that
• Probability to underestimate h when p is h-monotone.
The estimator k α equals h − 1 in nearly 5% of the runs. When h 2, the number of runs for which k α h − 2 is 0. This result confirms the first part of Theorem 3, see Equation (9).
• Probability to over estimate h when p is h-monotone.
This probability is linked with the power of the test: if the test has a low power, the degree of monotonicity will be overestimated. When h increases, the probability to get k α h + 1, and in particular k α = k max , increases. This overestimation decreases with d. For the spline distributions, if d = 5000 the results are correct for h 3. Estimated degree of monotonicity with procedure P2 and α = 5%. For each value of d, the first row of the table gives h, the second the mean of kα estimated over 500 runs, the following rows give the histogram of the estimated values of kα (as 100× percentages).
Number of classes in a population
Let us now consider the case where the total number of classes in a population is unknown, and where we aim at estimating this number based on the abundances that are observed for a series of classes. The problem is then to estimate the number of unobserved classes.
This problem was first raised in the context of ecology for estimating species richness of a population and traces back to Fisher et al. [17] . Nevertheless it also occurs in a wide variety of domains, as in social and medical sciences, epidemiology, computer science, . . . . Since the contribution of Fisher et al., many publications have considered this problem proposing different statistical modelings and estimators. A presentation of these different approaches was given by Bunge and Fitzpatrick [10] for example. A more recent short review can be found in [14] , see also [8] .
In this section, we first describe the observations and the statistical modeling, making thus the link between the k-monotonicity of the abundance distribution of the classes, and the estimator of the number of total classes. Then we carry out a simulation study in order to assess the properties of our estimator, and finally we consider three real case studies.
The observations
Suppose that the population is composed of N classes and for i = 1 . . . N , denote by A i the abundance (that is the number of observed individuals) of class i and by S j the number of classes with abundance j in a sample. The total number of observed classes is D = j 1 S j whereas S 0 is the number of unobserved classes. The total number of classes is N = S 0 + D and, because D is observed, the estimation of N amounts to the estimation of S 0 . We will denote by n the sample size: n = i A i = j jS j .
We assume that the A i 's are independent variables with the same distribution p = (p 0 , p 1 , . . . , p n ), called the abundance distribution.
As only classes that are present in the sample can be counted, classes for which A i = 0 are not observed. Thus, we only observe the zero-truncated counts X 1 , . . . , X D , where X i is the abundance of the i-th observed classes in the sample. As it is shown by [14] (lemma 1 of the on line supporting information), D ∼ Bin(N, 1 − p 0 ), and conditionally on D, X 1 , . . . , X D are i.i.d. random variables with distribution p + defined by p
, for all integers j 1.
Therefore we propose to estimate N by
where p 0 is an estimator of p 0 . The problem comes to estimate p 0 . As we observe X 1 , . . . , X D from distribution p + , we are able to estimate p + . Nevertheless, identifiability conditions are needed to infer p 0 from the estimation of p + . This is the object of the following section.
The assumption of a k-monotone abundance distribution
To make p 0 , and thus N , identifiable, we propose a nonparametric modeling of p, assuming that p is a discrete k-monotone abundance distribution, as defined in Section 2. In particular, we know that p is written as a mixture of distribution
. Our interpretation of this mixture is that the set of classes is separated into groups, each class having probability π k to belong to the group of classes, and the abundance distribution of all classes in the group is the distribution Q k . As the first component Q k 0 is a Dirac mass at 0, it refers to classes for which the only abundance that could be observed is 0. This group simply defines absent classes, and therefore π k 0 has to be zero in an abundance distribution. This leads to the following definition.
Definition of a k-monotone abundance distribution:. The distribution p on N is a k-monotone abundance distribution if there exist positive weights π k satisfying
In the following, we assume that the abundance distribution p is a k-monotone abundance distribution. It then follows from (3) that π
where p + is the zero-truncated distribution defined by (12) . The distribution p + is identifiable since we observe X 1 , . . . , X D which are i.i.d. with distribution p + conditional on D. Therefore, it follows from (14) that 1−p 0 is identifiable and because D ∼ Bin(N, 1−p 0 ), we conclude that N also is identifiable. This shows that our assumption is sufficient to avoid identifiability problems. We will see how to estimate p 0 in the following section. Let us remark that ∇ k p 0 = 0 is equivalent to
the last equality being deduced from the definition of ∆ k given at Equation (1) . Therefore if we denote by p k 0 the value of p 0 under the assumption that p is a k-monotone abundance distribution, then
, because p is strictly (k − 1)-monotone. Therefore, the mass in 0 of p increases with k when p is assumed to be a k-monotone abundance distribution.
Estimating the number of classes
In order to estimate N , we first build an estimator for 1/(1 − p 0 ) based on Equation (14) and then apply Equation (13).
Estimator based on the relative frequencies
For all j 1, the empirical estimator (which is the more commonly used estimator for a discrete distribution) of p + j is f j = S j /D. Using this estimator in (13) leads to the estimator
Let s k be defined as follows
If s k = 0, one can derive from the central limit theorem that
Let us give the following remarks: 
If p is a k-monotone abundance distribution, then ∇ k p 0 = 0, N k has no bias and
In that case, the variance of N k increases with k.
Remark 5. Let us assume now that p is a k-monotone abundance distribution, but we estimate N under the assumption that p is a k − j-abundance distribution. Then
Remark 6. If we estimate N under the assumption that p is a (k + j)-abundance distribution, then
In that case the estimator of N is biased. If j = 1, ∇ k+j p 0 = −∇ k p 1 which is negative or null, and N is over-estimated.
Estimator based of the constrained least-squares estimator of p +
The empirical estimator may be non k-monotone whereas under our assumptions,
. .) is a k-monotone density. Hence, in addition to the empirical estimator f = (f 1 , f 2 , . . .), we consider an estimator that takes into account the constraint of k-monotonicity. Precisely, we consider the constrained least-squares estimator p + of p + defined as follows:
Existence and uniqueness of p + was studied by [18] . Note that this reference considers k-monotone distributions on N whereas we are interested here in k-monotone distributions on N\{0}, but considering the shifted distribution p + j+1 for j 0, which is k-monotone on N, and the corresponding shifted estimators f j+1 and p + j+1 allows to put our framework into that of [18] , including the computation of the estimator. In that paper the author gives a characterization of the estimator based on the decomposition of kmonotone distributions as mixtures of spline functions. She showes that the least-squares estimator under the constraint of k-monotonicity is closer (with respect to the the 2 -loss) to any k-monotone distribution than the empirical distribution is. Therefore, one could expect that if p + is k-monotone, p + k will give better results, at least from the point of view of the 2 -loss, than the empirical distribution f . Moreover, the author implements the estimator using an exact iterative algorithm inspired by the Support Reduction Algorithm described in [21] and discusses a practical stopping criterion.
Finally it remains to estimate N by
5.3. Estimating the degree of monotonicity of p + For a given integer k, assuming that the distribution p is a k-abundance distribution, we propose two estimators of N , N k , see (15) , and N k , see (17) . In practical cases, we do not know the degree of monotonicity of p. Because we observe X 1 , . . . , X D with distribution p + , we propose to estimate the degree of monotonicity of p + , using the method described in Section 3. Actually the degrees of monotonicity of p and p + are not necessarily equal: we know that if p is k-monotone then p + is at least k-monotone, but to relate the degree of monotony of p + to the one of p, we need an additional assumption on p. Precisely we assume that p is a k-monotone abundance distribution, p is not (k + 1)-monotone and ∇ k+1 j0 < 0 for some j 0 1. For example, the distributions p h = P(λ h ), h 1 defined at Section 2.2.1 and Table 1 , satisfy
It comes that they do not satisfy the assumptions allowing to deduce the degree of monotonicity of p from the one of p + .
To sum up, we propose a procedure in two steps: at the first step we estimate the degree of monotonicity of p + using the procedure described at Section 3. Let us denote by k this estimator. At the second step, we calculate N = N k and N = N k . We assess the performances of this procedure by simulation.
Simulation experiment
We construct the distributions p as follows: we choose a distribution p + = (p
is k-monotone but not (k + 1)-monotone on the set of integers greater than 1. Then we calculate p such that p 0 satisfies Equation (14), and for all j 1, p j = (1 − p 0 )p + j . Given N and p + , a simulation consists in two steps: first we draw one realization of D distributed as a B(N, 1 − p 0 ), then we draw D realizations X 1 , . . . , X D distributed as p + . From this simulated sample, we estimate p + either by the empirical dstribution f or by the least-squares estimator under the constraint of k-monotonicity, see Equation (16) .
We choose three values of N , N = 1000, 5000, 30000, and five distributions p + , denoted p +,h , such that p +,h j = p h j−1 for j 1 and for h = {1, . . . , 5} (see Section 2.2.1 and Table 1 for the definition of p h ).
Comparison of the estimators
The calculation of N k lies on the least-squares estimator of p + under the constraint of k-monotonicity. For k = {2, 3, 4} the algorithm for estimating p + is available in the R-package pkmon on the Comprehensive R Archive Network 2 . For k = 1, we used the algorithm developped by [28] . For each simulation we calculate k for k max = 4 using Procedure P1, N k and N k for each k = {1, . . . , 4}, and N = N k and N = N k . We report their expectation and prediction error estimated on the basis of S = 500 simulations. Precisely, if N k s is the estimation of N at simulation s, we calculate
We report in Table 14 For example when N = 1000, k = 3, h = 1 this condition was not satisfied in 11 simulations over 500. If k = 4, there is no result because the condition was not satisfied in more than 1 simulation over 2. Note that this condition is always satisfied for
-The algorithm for calculationg N k may fail to converge for some simulation. For example when N = 1000, k = 4, h = 3 or h = 4 this happened 10 times. -The estimator k may equal 0, in particular when h = 1: this is expected in about 5% of the simulations (the aymptotic level of the testing procedure). When N = 1000, and h = 1 this happenned in 14 simulations.
Let us now comment the results.
• If the degree of monotonicity of p + is known (cases in bold where k = h), the estimators behave similarly with a small advantage for N k whose prediction error is smaller. As expected N k is unbiased which is not the case of N k . However N k has a smaller variance than N k , smaller enough to have a smaller prediction error.
• When k is strictly smaller than h, then N k and N k are nearly always equal. This comes from the fact that p h is strictly k-monotone. Therefore, because N is large enough, the empirical distribution is nearly always k-monotone, Let us note that if the empirical distribution is k-monotone, then the least-squares estimator under the constraint of k-monotonicity is exactly equal to the empirical distribution.
• When k is strictly greater than h, then N k tends to underestimate N while N k tends to overestimate it. This behaviour of N k was expected, see Remark 6.
• When k = k, let us consider the cases where h 3. Indeed, as k max = 4, we know that k is nearly always equal to k max when h k max . When h = 1, 2, 3, taking k = k for estimating N leads to increase the prediction error with respect to the case k = h. This tendancy is more pronounced for N .
Effect of N and k
For several values of k max , k max ∈ {4, 6, 10}, we estimate the expectation and prediction error of N = N k over 500 simulations. The results are given at Table 15 . As in Table 14 , the exponent denotes how many simulation failed to give the result. When N = 1000, we know (see Table 11 ) that k overestimates h: for example, when h = 3 we get k = 3 in 180 simulations while we get k 6 in 210 simulations. This leads to increase the variability of N . Moreover, when k max increases, the calcuation of N becomes impossible (in one simulation over 5 for h = 3 and k max = 10).
As expected, when N increases, the prediction error of N decreases. If k max is chosen smaller than h, then N under-estimates N . If k max is greater than h, then the loss in terms of prediction error between N h and N decreases with N . For example if k max = 10, N = 30000 and h = 4, the prediction error for N 4 equals 1.7 (see Table 14 ) while it equals 2.3 for N .
Application to real data sets
Most real observed abundance distributions are at least decreasing and appear to be k-monotone for some k 2. Several examples were already studied when considering convexity [15, 14] . Let us consider three examples in order to illustrate how our procedure applies when we aim at estimating the total number of classes taking into account the hollowed shape of the abundance distribution.
1. Data from Hser [22] , given Table 1 .3 in [9] , reporting the episode count per drug user in Los Angeles 1989, are used for estimating the size of a population of illicit drug users.
2. The famous data set reporting the frequencies of word types used by Shakespeare (see [30] and Table 1 .8 in [9] ), allows to estimate how many words did Shakespeare know but not use (Efron and Thisted [16] ).
3. A metagenomics data set [31] was analysed by Li-Thiao-T et al. [26] to estimate the total number of microbial strains in the human gut microbiome.
For the two last data sets, the maximum of the support of the empirical abundance distribution is very large: five words were seen 100 times, one strain were seen 564 times. Indeed, the tail of the distribution does not contribute to estimate the behaviour of the beginning of the distribution. However considering a very large number of variates in the test statistics may affect the power of the test by increasing − q k α in procedure P1 and − u k α in procedure P2. Therefore we carried out the testing procedure replacing τ in the definition of T k and U k by the minimum of some fixed integer l and τ . The results are given with l = 20. For these two data sets, it appears that the results does not change with the value of l.
For each data set we test the hypothesis H k for 1 k k max with k max = 6, and calculate the estimated number of classes as well as its estimated standard-error. The results are given in Table 16 and Figure 4 .
For the first example we choose k = 4 using P1 and k = 5 using P2, while for the two last data sets, we choose k = k max . This choice may be explained by the followed shape of the empirical distributions together with the difficulty of rejecting H k for large k. (14) 962 1016 (10) 1041 (10) 1049 (1) 1012 ( The number of Shakespeare's unused words was estimated to be at least equal to 35000 by [16] . Using our procedure with k max = 6, we get approximatively 50000 words. In that example D is large enough to protect us against lack of power for testing H k , at least for k 4. Therefore we are confident that k = 6 is a reasonable choice.
Concerning the number of strains, the estimation given by the Chao1 procedure [11] , N = D + f 2 1 /2f 2 , equals 9940, while the estimation given by [26] is 25700 with a 95% confidence interval equals to [19421, 36355] . Choosing k = 6 we get N = 13207. Let us see (Table 17) what happens if k increases: for any 7 k 13 the hypothesis H k is not rejected. If k = 12 we get N = 23561 which is close to the value proposed by Li-Thiao-T et al. [26] . Nevertheless, the estimated standard-error s k increases drastically with k, making the result useless for large k.
Conclusion
We proposed two testing procedures and their boostrap versions to test the null hypothesis that a discrete distribution is k-monotone against that it is not, without any parametric assumption on the true underlying distribution. We state the theoretical asymptotic properties of the procedures and carry out a large simulation study in order to assess their performances for finite sample cases. The simulation shows that the tests may present a power fault and require large values of the sample size d, in particular when k is large. We compare this non-parametric setting with a parametric procedure for Poisson distribution, when the problem is to test the null hypothesis that the distribution is at least k-monotone against the alternative that it is (k − 1)-monotone but not k-monotone. We conclude that the efficiency (the sample size required for the test to achieve a given power) of the non-parametric procedure is much more affected for large values of k than the parametric procedure is. The comparison with the procedure of [7] based on the 2 distance between the constraint least-squares estimator and the empirical estimator for testing convexity suggests potential improvements.
From these testing procedures we propose a method to infer the degree of k-monotonicity of a discrete distribution, assuming that k is smaller than some k max . To our knowledge this is the first method for estimating the degree of k monotonicity of discrete distribution for which theoretical guaranties are established. A large simulation study shows that the performance of the estimator of k depends strongly on the choice of k max : large values of k max need large sample sizes.
Finally we apply this work to the estimation of the unknown number of classes in a population. Defining a k-monotone abundance distribution, the identifiability of the parameter to estimate is ensured. A simulation study shows that the method can be applied providing that the number of seen classes is large, especially as k increases.
Proofs

Proof of Theorem 1
Let us first remark that for d large enough, τ is almost surely equal to τ . This result comes from the application of the Borel-Cantelli lemma, by noting that
In the following we will assume that d is large enough to set τ = τ .
Procedure P1. Let us begin with the testing procedure based on the statistic T k . Because p is k-monotone,
By the central limit theorem we know that the vector √ dA(f −p) converges in distribution to a centered Gaussian vector with covariance matrix AΓA T , where Γ is the matrix with components Γ jj = −p j p j if j = j and Γ jj = p j (1 − p j ) for 0 j τ − 1. Let M be defined as the square-root of the matrix AΓA T , then
uniformly for all q ∈ R, where the Z j , j = 0, . . . τ − 1 are independent centered Gaussian variates.
Because Γ converges in probability to Γ when d tends to infinity, and thanks to the continuity of the limiting distribution of . Let us consider now the case where p is strictly k-monotone and let C 0 be such that min 0 j τ −1 ∇ k p j C. Let q k α be defined at Equation (5) and σ k be defined in Theorem 1. Applying the Cramer-Chernoff method to Gaussian variables (see for example Massart, 2003, chapter 2), we get the following result:
Then we have: 
Proof of Theorem 2
Procedure P1. Let q < 0 and C such that ∇ k+1 p j0 −C,
Applying the classical Tchebychev inequality, we get
Let us remark that applying Formula (18) to the case where C = 0, we get
Considering inequalites given at Equations (20) and (21), we get that
as soon as
−2 log β .
Procedure P2. Let C be a real such that ∇ k+1 p j0 −C, and let ζ k+1 j0
= A kT j0 ΓA k+1 j0 . We have:
Let us remark that applying Formula (19) to the case where C = 0, we get α τ max 
Considering inequalites given at Equations (22) and (23), we get that 
Proof of Theorem 3
If k = 1,
Let us now consider the case where k 2 P k α k − 1 = P ∃ , 1 k − 1, ∀m , H m is not rejected and H +1 is rejected (k max − k − 1)P H k+1 is not rejected .
Bias and variance
N k = D − k h=1 (−1) h C h k S h = D + S 0 − ∇ k S 0 E N k = N − N ∇ k p 0 Let α k,h = 1 − (−1) h C h k V N k / √ N = k h=1 α 2 k,h p h (1 − p h ) − h1 =h2 α k,h1 α k,h2 p h1 p h2 − 2 k h=1 α k,h p h p k+1 + p k+1 (1 − p k+1 ) = k h=1 α 2 k,h p h − k h=1 α 2 k,h p 2 h − k h=1 α k,h p h 2 + k h=1 α 2 k,h p 2 h −2 k h=1 α k,h p h p k+1 + p k+1 − p 2 k+1 = k h=1 α 2 k,h p h − k h=1 α k,h p h + p k+1 2 + p k+1 = k h=1 1 − (−1) h C h k 2 p h − k h=1 1 − (−1) h C h k p h + p k+1 2 + p k+1 = k h=1 1 − 2(−1) h C h k + C h k 2 p h − k h=1 p h + p k+1 − k h=1 (−1) h C h k p h 2 + p k+1 = 1 − p 0 − 2 k h=1 (−1) h C h k p h + k h=1 C h k 2 p h − 1 − p 0 − k h=1 (−1) h C h k p h 2 = p 0 (1 − p 0 ) − 2 k h=1 (−1) h C h k p h + k h=1 C h k 2 p h + 2(1 − p 0 ) k h=1 (−1) h C h k p h − k h=1 (−1) h C h k p h 2 = p 0 (1 − p 0 ) − 2p 0 k h=1 (−1) h C h k p h + k h=1 C h k 2 p h − k h=1 (−1) h C h k p h 2 = p 0 − k h=1 (−1) h C h k p h + p 0 2 + k h=1 C h k 2 p h = p 0 + k h=1 C h k 2 p h − ∇ k p 0 2 .
